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Abstract. In 1965 Adlcr, Konheim and McAndrew defined the topological entropy for continuous 
self-maps of compact spaces. Topological entropy is very well-understood for endomorphisms of 
compact Abelian groups. A fundamental result in this context is the so-called Yuzvinski Formula, 
showing that the value of the topological entropy of a full solenoidal automorphism coincides with 
the Mahler measure of its characteristic polynomial. 

In two papers of 1979 and 1981 Peters gave a different definition of entropy for automorphisms 
of locally compact Abelian groups. This notion has been appropriately modified for endomorphisms 
in two recent papers, where it is called algebraic entropy. 

The goal of this paper is to prove a perfect analog of the Yuzvinski Formula for the algebraic 
entropy, namely, the Algebraic Yuzvinski Formula, giving the value of the algebraic entropy of an en- 
domorphism of a finite-dimensional rational vector space as the Mahler measure of its characteristic 
polynomial. 

Finally, several applications of the Algebraic Yuzvinski Formula and related open problems are 
discussed. 



1. Introduction 

Consider a set X and a self-map T : X ^ X. Denote by {X,T) the discrete-time dynamical 
system whose evolution law N x X — > X is given by {n,x) >-> T^{x). Depending on the possible 
structures on {X,T) - for example when T is a continuous self-map of a topological space X, or T 
is an endomorphism of an Abelian group X - there exist various notions of entropy, which, roughly 
speaking, provide a tool to measure the "disorder" or "mixing" produced by the action of T on X. 

In this paper we are mainly concerned with the case when X is a locally compact Abelian (briefly, 
LCA) group and T is an endomorphism of X. By endomorphism of a topological group we always 
mean continuous endomorphism and with automorphism we intend a group automorphism which is 
also a homeomorphism. We denote by End(G) and Aut(G') respectively the endomorphisms and the 
automorphisms of a given LCA group G. Moreover, we use the standard notations for the reals K, 
the rationals Q, the integers Z, the natural numbers N and the positive integers N+. 

In 1965 Adler, Konheim and McAndrew [1] introduced the topological entropy for continuous self- 
maps of compact spaces. In 1971 Bowen gave a different definition of topological entropy for a 
uniformly continuous self-map T of a metric space X, and an alternative description of this topological 
entropy when the space X is endowed with a T-homogeneous measure. In 1974 Hood [T5^ noticed 
that Bowen's definition of topological entropy, as well as its equivalent description, could be extended 
respectively to uniformly continuous self-maps of uniform spaces and to uniformly continuous self- 
maps T of locally compact uniform spaces X with a T-homogeneous measure. 

Consider a compact space X endowed with its unique admissible uniform structure U; any contin- 
uous self-map T : A A is uniformly continuous with respect to U. By [TUl Corollary 2.14], for such 
T the topological entropy defined by Hood coincides with the topological entropy defined by Adler, 
Konheim and McAndrew. 

Consider now an LCA group G with a Haar measure and an endomorphism (p : G ^ G. In 
particular, G is a locally compact uniform space when endowed with its canonical left uniformity U; 
furthermore, : {G,U) — > {G,U) is uniformly continuous, and /i is 0-homogeneous. Hence, Hood's 
extension of Bowen's definition of topological entropy applies to such G and 0, and can be given in 
the following way (see [TD|). Denote by C(G) the family of compact neighborhoods of in G ordered 
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by inclusion. For every K G C{G) and every positive integer n, 

Cn{(f>,K) =Kn(p-^Kn...n(p-"-+^K 

is the n-th (f>-cotrajectory of K. The topological entropy of 4> is 

liT((p) — sup < hmsup : A £ C(G) > ; 

this definition is correct, as Claim \2A\ shows. 

The topological entropy is very well-understood on compact groups but only few results are known 
in the setting of LCA groups. For a comprehensive treatment of these aspects we refer to [TU], 
[30] and [12]. 

In the final part of the paper jlj, where the topological entropy was defined, also a notion of 
entropy for endomorphisms of discrete Abelian groups appears. It is based on the following concept 
of trajectory. Consider a discrete Abelian group G, an endomorphism (/> : G — ^ G, a non-empty subset 
G of G, and a positive integer n; then 

T„((/., G) = G + 0G + . . . + (/."-^G 

is the n-th (f> -trajectory of C. 

Cotrajectories make sense in arbitrary spaces while the concept of trajectory strongly depends on 
the algebraic operation of the group. This is the reason why we refer to the notions of entropy based 
on trajectories as algebraic entropies. 

The definition of algebraic entropy of (f) given in [I] is 

ent((/)) — sup I hm [^"("^^ ^) ■ c is a. finite subgroup of gI . (1.1) 

Since a torsion-free Abelian group has no finite subgroups but the trivial one, ent(— ) is always zero 
on endomorphisms of torsion-free discrete Abelian groups. So it is natural to consider ent(— ) for 
endomorphisms of torsion discrete Abelian groups. 

In 1974 Weiss |33. studied the basic properties of ent(— ) and connected it with the topological 
entropy of endomorphisms of profinite Abelian groups via the Pontryagin-Van Kampen duality in the 
following "Bridge Theorem" . For an LCA group G, let G denote the dual group of G, endowed with 
its compact-open topology; moreover, for an endomorphism : G — > G, let : G ^ G be its dual 
endomorphism. 

Weiss Bridge Theorem. Let G be a torsion discrete Abelian group and (j) : G G an endomor- 
phism. Then ent(0) — hT{(f). 

In 2009 Dikranjan, Goldsmith, Salce and Zanardo ^ rediscovered this notion of algebraic entropy 
and deeply investigated it. In particular, they characterized ent(— ) as the unique function from the 
class of the endomorphisms of torsion discrete Abelian groups with target the non-negative reals M>o 
plus oo, satisfying five very natural axioms (see Section [6|). 

As we already mentioned, ent(— ) has the disadvantage of being trivial on endomorphisms of torsion- 
free discrete Abelian groups. In 1979 Peters [23 proposed an alternative notion of algebraic entropy 
for automorphisms of discrete Abelian groups G, defining 

hoo{(t>) — sup I lim [-^"("^ — L^l)] . (J ^ finite subset of g1 . (1.2) 

This entropy takes the same values as ent(— ) on automorphisms of torsion discrete Abelian groups 
but it may be non-zero also in the torsion-free case. In the same paper 23 , Peters stated some general 
properties of hoo{—) and proved the following Bridge Theorem for automorphisms of countable discrete 
Abelian groups. 

Peters Bridge Theorem. Let G be a countable discrete Abelian group and (f> : G ^ G an automor- 
phism. Then hao{<P) — hT{(t>). 
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Recently Peters' definition of algebraic entropy was appropriately modified in [1], replacing in 
(|1.2p the trajectories of (j)^^ with the trajectories of cj). In this way it was obtained a notion of 
algebraic entropy for all endomorphisms of discrete Abelian groups; we denote it by ). Note 

that ) has the same values of hoo{^) when they both make sense, namely on automorphisms of 
discrete Abelian groups; moreover, hA{—) coincides with ent(— ) on endomorphisms of torsion discrete 
Abelian groups. 

In 1981 Peters [H] gave a further generalization of the entropy /ioo(— ) he defined in In fact, 
using the Haar measure, he introduced a notion of entropy for automorphisms of LCA groups as 
follows. Let G be an LCA group with a Haar measure /i, and let (/) : G — > G be an automorphism. 
Then 

hooW = sup < limsup : G E C(G) 

n—¥OQ 1^ 

In [39] the second named author modified the definition of hoo{—), in the same way as done in [3] 
for the discrete case, obtaining a new notion of algebraic entropy for endomorphisms of LCA groups. 
We indicate it by ) as it coincides on endomorphisms of discrete Abelian groups with the already 
defined algebraic entropy from [Ij (see Example l2.2f b')'). For the precise relation between /ioo(— ) and 
) see Remark l2.8l With the same notations as above, the algebraic entropy of (j) with respect to 
C e C(G) is 

i/.(0,G) ^limsup^--g^(^"(^'^»; 

n—^oo ^ 

this definition is correct, as Claim [^TTI shows. The algebraic entropy of (j) is 

hA{<jy)^snp{HA{<l>.C) : GeC(G)}. 



We recall now another concept which plays a fundamental role in the present paper. Let A'^ be a 
positive integer, let f{X) — sX^ + aiX^^^ + . . . + ajv G C[A] be a non-constant polynomial with 
complex coefficients and let {Xi : i ~ \,. . . ,N} C C be of all roots of /(A) (we always assume the 
roots of a polynomial to be counted with their multiplicity); in particular, /(A) = s ■ ni=i("'^ ~ ^i)- 
The Mahler measure of /(A) was defined independently by Lehmer [T^ and Mahler [5T] in two 
different equivalent forms. Following Lehmer [TH] (see also [E]), the Mahler measure of f{X) is 
M{f{X)) ~ \s\ -IliA |>i The (logarithmic) Mahler measure of /(A), that is the form that we use 
in this paper, is 

m(/(A))=logAf(/(A))=log|s|+ ^ log|A,|. 

A,|>1 

The Mahler measure plays an important role in number theory and arithmetic geometry; in particular, 
it is involved in the famous Lehmer Problem asking whether inf{m(/(A)) : /(A) G Z[A] primitive, to(/(A)) > 
0} is strictly positive (for example see [12], [M] and [22], and for a survey on the Mahler measure of 
algebraic numbers see [27]). 

A rational N x N matrix M has its monic characteristic polynomial /(A) G Q[A]; we say that 
f{X) is the characteristic polynomial of M over Q. Let s be the minimum positive integer such 
that s/(A) G Z[A] (i.e., s is the minimum positive common multiple of the denominators of the 
coefficients of /(A)); then we say that p{X) — s/(A) is the characteristic polynomial of M over Z. 

Let (j) : be an endomorphism and consider the N x N rational matrix AI^ representing 

the action of (f> on with respect to the canonical base of over Q. We call characteristic 
polynomial P(f,{X) of (j> over Q (respectively, over Z) the characteristic polynomial of over Q 
(respectively, over Z); moreover, by eigenvalues of (f> we mean the eigenvalues of A/^. 

We recall that a solenoid is a finite-dimensional connected compact Abelian group; so its dual 
group is a finite rank torsion- free discrete Abelian group, i.e., a subgroup of for some positive 
integer N. Moreover, is called full solenoid. With (full) solenoidal endomorphism we mean an 
endomorphism of a (full) solenoid. 

The action of a continuous endomorphism tp : is represented by an A^ x A^ rational 

matrix Af^ , which is the transposed of the N x N rational matrix representing the action of the 
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dual (j) — oi ip on . The characteristic polynomial p^{X) of ip over Q (respectively, over Z) is the 
the characteristic polynomial of over Q (respectively, over Z); clearly p^(X) = p^{X). Moreover, 
by eigenvalues of we mean the eigenvalues of . 

One of the main results about the topological entropy for endomorphisms of compact Abelian 
groups is the following formula computing the topological entropy of endomorphisms of full solenoids 
in terms of the Mahler measure of their characteristic polynomial. 

Yuzvinski Formula. Let N be a positive integer and (p : — ?> an endomorphism. Then 

hricj)) = m{p^{X)), 

where Ptf,{X) is the characteristic polynomial of (p overly. 

This nice formula was obtained by Yuzvinski in [35j . A different and more conceptual approach to 
the same result was given by Lind and Ward in (20!, where they also described in detail the history 
of the Yuzvinski Formula and related results. 

The Yuzvinski Formula has a wide range of applications, as it allows the computation of the 
topological entropy of solenoidal automorphisms. As a consequence of the results of [20], one can also 
obtain the already known Kolmogorov- Sinai Formula, stating that the topological entropy of a toral 
automorphism (p ■ — > T^, which is described by an x matrix with integer coefficients, is 
hritp) = X]|Ai|>i 1*^S where {Xi : i = 1, . . . ,N} are the eigenvalues of <p- 

Moreover, the Yuzvinski Formula is one of the eight axioms in Stojanov's characterization of the 
topological entropy for endomorphisms of compact (not necessarily Abelian) groups obtained in [28] . 

The goal of this paper is to provide a completely self-contained proof of the following algebraic 
counterpart of the Yuzvinski Formula, computing the algebraic entropy of endomorphisms of finite 
dimensional rational vector spaces in terms of the Mahler measure of their characteristic polynomials. 

Algebraic Yuzvinski Formula. Let N be a positive integer and (p : — s> an endomorphism. 
Then 

hA{(p) = m{p^{X)), 
where p^{X) is the characteristic polynomial of cp over'L. 

At this point the careful reader should have noticed that a proof of the Algebraic Yuzvinski Formula 
(at least for automorphisms) could be obtained from the classical Yuzvinski Formula applying Peters 
Bridge Theorem, since /ia(— ) and /ioo(— ) coincide on automorphisms of discrete Abelian groups. Such 
approach is not justified, mainly in view of the highly sophisticated proof of Peters Bridge Theorem, 
heavily using convolutions. Furthermore, as discussed in detail in [101, some of the proofs in [SSJ and 
[21] contain some inaccuracy. 

On the other hand, our direct proof of the Algebraic Yuzvinski Formula is motivated also by 
its application for the proof of the results in [3] about the algebraic entropy of endomorphisms of 
discrete Abelian groups, not last a generalized version of the Bridge Theorem given in [5], deduced 
from the Algebraic Yuzvinski Formula and Weiss Bridge Theorem, making no recourse to Peters 
Bridge Theorem. We refer to Section [5] for a more exhaustive discussion on the applications of the 
Algebraic Yuzvinski Formula. 

It is worth mentioning that a first attempt to prove the Algebraic Yuzvinski Formula was done 
in |37| . where several partial results were obtained; some of them were recently used to prove the 
"case zero" of the Algebraic Yuzvinski Formula in [3] with arguments exclusively of linear algebra. 
Indeed, under the same notations and hypotheses as above, [U Corollary 1.4] shows that hA{(p) — 
if and only if m(p^{X)) — 0. Moreover, the algebraic counterpart of the Kolmogorov- Sinai Formula 
was established in the paper ^29) . where the algebraic entropy for endomorphisms of LCA groups 
was introduced. Indeed, in [33] the algebraic entropy of an endomorphism cp : Z^ — > was 
computed proving the Algebraic Kolmogorov-Sinai Formula, that is, hA{(p) = X]|a |>i ^'^S where 
{Xi : z = 1, . . . , N} are the eigenvalues of (p. The main idea for the proof of this result was to extend (p 
to an endomorphism $ of with the same algebraic entropy, and to use there the Haar measure to 
estimate the growth of the trajectories of $ in order to compute its algebraic entropy. These methods 
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inspired the ones used in this paper for the proof of the Algebraic Yuzvinski Formula. We see in 
Section [5] that it is possible to deduce the Algebraic Kolmogorov-Sinai Formula from the Algebraic 
Yuzvinski Formula. Finally, note that our proof is independent from the results of [2] , [21] and [37] ■ 

Now we pass to describe the structure and the results of the present paper. Our proof of the 
Algebraic Yuzvinski Formula relies on many steps and takes most of the paper. On the other hand, 
several partial results are of their own interest. For example the forthcoming Facts A and C are used 
in [II. 

Section [5] is devoted to provide some basic examples and the necessary background on algebraic 
entropy, which is used in the rest of the paper. 

Denote by P the set of all prime numbers plus the symbol oo. For every prime p we denote by Qp 
the field of p-adic numbers and by | — |p the p-adic norm on Q^; moreover, we let Qoo — R and | — |oo 
the usual absolute value on M. If Kp is a finite extension of Qp, then we denote still by | ~ |p the 
unique extension of the p-adic norm to Kp. 

Let iV be a positive integer, p G P and (j)p : an endomorphism. Since (j>p is continuous, (f)p 

is Qp-linear and so its action on , with respect to the canonical base of Qp over Qp, is represented 
by an iV X iV matrix AI^^ with coefficients in Qp. We call characteristic polynomial and eigenvalues 
of (j)p the characteristic polynomial and the eigenvalues of M^^ . 

Section [3] is dedicated to the following formula, that gives the value of the algebraic entropy of an 
endomorphism of Qp in terms of its eigenvalues. 

Fact A. Let N be a positive integer, p £ P and (pp : — >■ an endomorphism. Then 

|A<'''|p>l 

where {A^^^ : z = 1, . . . , N} are the eigenvalues of (pp, contained in some finite extension Kp of Qp. 

Section H] contains the heart of the proof of the Algebraic Yuzvinski Formula. Let be a positive 
integer and (j) : — > an endomorphism. For every p e P, Q can be identified with a subfield of 
Qp and so induces an endomorphism (pp : Qp — > Q^ just extending the scalars, that is, 

4>p ^ (j)(^Q idq^. 

Since the algebraic entropy of each (pp can be computed using the above Fact A, the idea in Section 
13] is to express the algebraic entropy of (p in terms of the algebraic entropy of the (pp, with p ranging 
in P: 

Fact B. Let N be a positive integer, cp : an endomorphism and (pp = (p ®q «c?q for every 

p e P. Then 

hA{(p) = YhA{(pp). 
per 

The main idea for the proof of the Algebraic Yuzvinski Formula relies in this step, that marks 
also the main difference between our approach to the Algebraic Yuzvinski Formula and the proof 
of the classical Yuzvinski Formula given by Lind and Ward in [20] (see Section 14.61 for a detailed 
explanation). 

In SectionOwe consider the following known decomposition of the Mahler measure, similar to that 
obtained in Fact B for the algebraic entropy. 

Fact C. Let N be a positive integer and f{X) = sX^ + aiX^^^ + . . . + ajv G Z[A] a primitive 

polynomial of degree N . For every p let : i — 1, . . . , be the roots of f{X), considered as 

an element ofQp[X], in some finite extension Kp ofQp. For every prime p, 

log|l/s|p= J2 iog\\<f^\p. 

l>-'''lp>i 
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Consequently, 

pGP\{oo} |A<'''|p>l 

hence 

PeP|A<'')tp>l 

Fact C explains the meaning of the "mysterious" term log | s \ appearing in the definition of the 
Mahler measure of a primitive polynomial f{X) = sX^ + aiX^~^ + . . . + ajv 6 Z[X]. It can be 
deduced from the main results of |20j . but we include a direct proof for reader's convenience. 

Facts A, B and C together give the Algebraic Yuzvinski Formula. In particular, as a consequence 
of Fact C and Fact A, we have the following 

Corollary. Let N he a positive integer, (j> : — > an endomorphism and p^{X) = sX^ + 
On the characteristic polynomial of cj) over Z. Let p he a prime and 4>p = (t)<^Q idn- 

Then 

hA{4>p) = log|l/s|p. 



In the final Section [S] we give several applications of the Algebraic Yuzvinski Formula and dis- 
cuss some open problems. In particular, we describe the fundamental results from [4 and 6 about 
the algebraic entropy of endomorphisms of discrete Abelian groups, where the Algebraic Yuzvinski 
Formula applies. As the proof of the Algebraic Yuzvinski Formula is now self-contained and does 
not depend on its topological counterpart, also the treatment of the algebraic entropy in ^ and [S] 
becomes independent from the results on topological entropy. On the other hand, it is again the Alge- 
braic Yuzvinski Formula that allows one to prove the fundamental connection between the algebraic 
entropy of endomorphisms of discrete Abelian groups and the topological entropy of endomorphisms 
of compact Abelian groups, namely, a general version of the Bridge Theorem proved in 5 . 

Finally, we give some open problems related to the applications, with the aim to understand 
whether and how the fundamental results for the algebraic entropy of endomorphisms of discrete 
Abelian groups can be extended to the general case of endomorphisms of LCA groups. 

Aknowledgements. We warmly thank Professor Dikranjan for reading at least two preliminary 
versions of the present paper and for his very useful comments and suggestions. His encouragement 
is surely one of the ingredients of our proof of the Algebraic Yuzvinski Formula. 

2. Background on algebraic entropy 

In this section we recall some of the basic properties of the algebraic entropy proved in [55] . These 
are useful tools in the computation of the algebraic entropy that we apply in the following sections. 
Note that in the discrete case one can prove stronger properties than in the general case - see [1] for 
a complete study of the algebraic entropy of endomorphisms of discrete Abelian groups. 

2.1. Haar measure and modulus. We start recalling an easy result showing in particular that the 
value of the algebraic entropy does not depend on the choice of the Haar measure. We use this fact 
each time we need to choose a Haar measure on a LCA group. 

Claim 2.1. [29, Lemma 2.1] Let G be an LCA group and a Haar measure on G. If {An '■ n G N} 

is a family of measurable subsets of G, then the quantity I = lini supjj_^g^ iogtj.(An) ^^^^ depend on 
the choice of p,. 

The proof of this claim is a direct consequence of the fact that two different Haar measures on an 
LCA group are one multiple of the other. 

The following are the first and fundamental examples. In particular, item (a) follows directly from 
Lemma Umi) below. 
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Example 2.2. (a) If G is a compact Abelian group, then hA{4>) — for every (p S End(G'). 

(b) If G is a discrete Abelian group, we can choose fi to be the cardinahty of the subsets of G. With 

this choice, for endomorphisms of discrete Abehan groups, our definition of hA{~) is exactly the 

definition of algebraic entropy given in |4]. 

Denote by M+ the niuhiphcative group of positive reals. Fixed an LCA group G and a Haar 
measure /x on G, the modulus is a group homomorphism 

mode : Aut(G) — !■ such that ii[aE) = i[nodQ{a)fi{E) 

for every a £ Aut(G) and every measurable subset E of G (see [131 (15.26) pag. 208] for the proof of 
the existence of the modulus). 

The first three examples below are well-known, for the last two we refer to Chapter 1, §2]. 

Example 2.3. (a) If a : ^ is an automorphism, then modzN(a) = 1. More generally, 
mode = 1 if G is a compact or discrete Abelian group. 

(b) If a : ^> is an automorphism, then modKN(a) — \ det(a)|. 

(c) If p is a prime and a : — > an automorphism, then modQjv(a) — \ det(a)|j,. 

(d) If a : —i' is a C-linear automorphism, then mode" (a) = | det(a)p. 

(e) If p is a prime, Kp is a finite extension of Qp of degree dp and a : Kp — > Kp is a ifp-linear 
automorphism, then modj^N (a) = | det(a)|p''. 

2.2. Basic properties of algebraic entropy. We start with the monotonicity property of Ha{4>, ~) 
given in item (1) of the following lemma. Moreover, item (2) shows in particular that in order to 
compute the algebraic entropy of an endomorphism of an LCA group G, it suffices to consider a 
cofinal subfamily C of C(G). This property is applied in crucial steps of the proof of the Algebraic 
Yuzvinski Formula. We recall that, given a poset (5, <), a subset T C S* is said to be cofinal if, for 
every s & S there exists t ^ T such that s < t. 

Lemma 2.4. Let G be an LCA group and (p G End(G). 

(1) //G,G' e C(G) and C C C' , then Ha{4>.C) < HA{<t>,C'). 

(2) If Ci C C2 C C(G) and Ci is cofinal in C2, then 



(3) If N is an open (j)-invariant subgroup of G, then Ha{(I) \n,C) — IIa{4',G) for every G G C{N). 
In particular, hA{4> \n) £ hA{(t>)- 

Proof. (1) comes directly from the definitions and (2) follows from (1). To prove (3), consider a Haar 
measure fi on G. Since N is open in G, the restriction of fi to the Borel subsets of N induces a Haar 
measure /i' on N. With this choice of the measures it is easy to see that IIa{4> \ntG) — Ha{4'tG) 



Item (3) of the above lemma shows that /ia(— ) is monotone under restriction to open invariant 
subgroups, and so it implies in particular the known monotonicity of hA{—) under restriction to 
invariant subgroups of discrete Abelian groups (see also Problem 16. 6p . 

As a corollary of Lemma l2.4t 2) we see that the algebraic entropy hA{—) coincides with the algebraic 
entropy ent(— ) introduced by Weiss on endomorphisms of discrete Abelian groups. 

Corollary 2.5. Let G be a torsion discrete Abelian group and (j) G End(G). Then hA{(f) — ent(0). 

Proof. For every compact (i.e., finite) G G C{G), the subgroup (G) generated by G is still finite. 
Hence the family of finite subgroups of G is cofinal in C(G). By Claim [01 we can choose on G the 
Haar measure given by the cardinality of subsets. We can now apply Lemma im 2) to obtain that 



sup{Ha{c^,K) ■.KeCi} = smp{Ha{(I>,K) : K G C2}. 



for every G G C(iV). 



□ 




which is exactly the definition of ent((/)). 



□ 
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Let G be an LCA group, ^ a Haar measure on G, (/) G End(G) and C G C{G). If the sequence 
is convergent, we say that the (f) -trajectory of C converges. In particular, if 
the 0-trajectory of C converges, then the hmsup in the definition of HAifj), C) becomes a hmit: 

i7.(0,G)^hm^"g^(^"(^'^». 

Example 2.6. If G is a compact or discrete Abehan group, then the (/)-trajectory of G converges for 
every (j) G End(G) and G G C(G). Indeed, the compact case is obvious as the values of the measure 
form a bounded subset of the reals (so the above sequence always converges to 0). For the discrete 
case we refer to [H Corollary 2.2]. 

The following proposition collects some properties proved in [25", Proposition 2.7, Corollary 2.9]. 
We remark that item (2) is stated here in a slightly stronger form. We do not give its proof, as it is 
analogous to the one of the forthcoming Proposition 12. 13f 2) . 

For G, G' LCA groups and (p G End(G), (f)' G End(G') we say that (f) and (f)' are conjugated by a 
topological isomorphism a : G ^ G' (f) = a~^(j)'a. 

Proposition 2.7. Let G and G' be LCA groups, (j) G End(G) and (j)' G End(G'). 

(1) If 4> and (j)' are conjugated by a topological isomorphism a : G ^ G' , then Ha{4>i G) — Ha{4>' , oiG) 
for every G G C(G). In particular, hA{4i) = hA((f>')- 

(2) For every G G C(G) and G' G C{G'), 

Ha{<I> x^',Gx G') < Ha{<I>, G) + Ha{<P', G'). (2.1) 

In particular, hA{4>^ (f)') < hA{(t>) + hA{4>')- Furthermore, if the (f> -trajectory of G converges, then 
equality holds in (|2.ip . 

(3) Let^ = (j)X(j):GxG^GxGandG<E C(G). Then 

Ha{<^,G xG)^2Ha{cI),G). 

In particular, hA{^) — 2hA{(j))- 

(4) //0 G Aut(G), then hA{(j)''^) = - log(modG 

Remark 2.8. Let G be an LCA group and G Aut(G). As we mentioned in the Introduction, Peters' 
algebraic entropy of is ft.oo(0) = by definition. Hence, by Proposition I2.7f 4) we obtain 

that 

hoo{4>) = hA{(l)) - log(modG(0)). 
In particular, in view of Example 12. 3f a). hao{4') = hA{(t>) whenever G is discrete or compact. 

The following lemma shows the continuity of the algebraic entropy for direct limits of open invariant 
subgroups. 

Lemma 2.9. Let G be an LCA group, cf) G End(G), and suppose {Ni : i € 1} to be a directed system 
of open <f>-invariant subgroups of G such that G — lirn Nj . Then hA{4') — sup^gj hA{4> \Ni)- 

Proof. By Lemma 12.4^ 3). we have that hA{4>) > sup^^j hA{4> \Ni)- On the other hand, consider 
K G C(G). Then K = Uie/(-^ ^ ^i) ^^'^ ^'^^ by compactness, there exists a finite subset F C I such 
that K = {Ji(=piK n Ni). Furthermore, being {N^ : i e 1} directed, there exists N G {Ni : i e 1} 
such that J2i(^F N^CN and so K = [Jieii^ n Ni) C K n N C N . To conclude, notice that 

Ha{^,K) = Ha{(I) \N,K)<hA{(l> <sup/i^(0 UJ, 
where the first equality follows by Lemma [2^ 3). □ 

We conclude this section with an example of computation of the algebraic entropy that is used 
later on. Note that it can be deduced from S, Example 1.9] and it is proved in a slightly different 
way in ^4i Example 2.10]. 
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Example 2.10. Let if be a discrete Abelian group and G = ©„£pj^n, where each Kn = K. The 
right Bernoulli shift is the endomorphism of G defined by 

I3k : G G such that (xq, xi, . . . , x„, . . .) i~> (0, xq, . . . , x„, . . .). 

Then hAi^K) — log \ K\, with the usual convention that log \K\ — oo \i K \s infinite. 

Indeed, fix on G the Haar measure given by the cardinality of subsets, and let F £ C{Kf)). An easy 
computation shows that I r„ (/3k, i^) I = \FxPKiF)x. . .xl3]^-^{F)\ = {Fl"^, hence Ha{^k,F) = log|F|, 
and so 

hAiM > sup{HAil3K,F) : F e C{Ko)} = sup{log|F| : F G C(ifo)} = \og\K\. 
If K is infinite, then log \ K\ = oo and the proof is concluded. So assume \K\ to be a positive integer. 
The family of subgroups of the form Ki = Kq Q) ■ ■ ■ ® Ki, with i € N, is cofinal in C(G) and Lemma 
\T^ 2) gives 

hAiM = sup{i?A(/3x,i?0 : i e N}. 

Now T^{Pk.K{) =Ko(B...(S K,+n-i. Therefore, \Tn{l3K,Kr)\ - 1^^^+" and so 

— log 1X1'+" 

n— >oo n 

2.3. The minor trajectory. We now recall a technique from [29^, partially modifying it, that allows 
us to find convenient lower bounds for the algebraic entropy. Let G be an LCA group, /i a Haar 
measure on G and 6 End(G). For every G G C(G), 

T.^{<l>,G)=C + r-'C 

is the minor n-th (j)-trajectory of G. Furthermore, let 

H<-i^,G)^hrnsu,'-2iI^^&t^. 

n— J-oo ri 

In view of Claim \TJ\ the value of H-{(j), G) does not depend on the choice of /z. 

The following example shows that the minor trajectory is of no help in the discrete case. 

Example 2.11. Let G be a discrete Abehan group, (f) G End(G) and G G C(G). Then 

rr<l^n. y \og\C^£^ logK^^log^^^ 21og|G| 

H-((p,C) — lim sup < hm sup < lim sup = 0. 

n— >cxD n— foo ri n— >oo ri 

This shows that H — ) = in the discrete case. 

If the sequence :nGN+} converges, then we say that the minor cf) -trajectory of G 

converges. 

Since our definitions are a modification of those in [5^, we give a proof of the following two results, 
which are the counterparts of [29, Lemma 2.10] and 29, Proposition 2.11] respectively. 

Lemma 2.12. Let G he an LCA group, cf) G End(G) and G G C(G). Then: 

(1) < H^{4>,C) < Ha{4>.C) < hA{^); 

(2) log(modG ('/')) < H-{(I),G), if (j) is an automorphism. 

Proof. Let /i be a Haar measure on G. 

(1) Let n G N+ and note that T^{4),C) C Tn{(l>,G); using this inclusion and the monotonicity of 
/X, it is not difficult to show that H-{(j),G) < HA{(j),G). All the other inequalities in the statement 
are a direct consequence of the definitions. 

(2) Assume that (/> G Aut(G) and let n G N+. Since ^"G C G + (/)"G, we get 

log(mod.(0)) = lim log("^odc(0)"-V(g)) ^ l^^gM^^^ 

n— >-oo 77, n— ^oo fl 

<limsupi^^i^i(^±^ = i/^(^,G). 

n— >-oo 

This concludes the proof. □ 
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Proposition 2.13. Let G and G' he LCA groups, cj) £ Eiid(G) and 4>' £ End(G"). 

(1) If (j) and (j)' are conjugated by a topological isomorphism a : G G' , then H-{(f>, C) — H-{(p' , aC) 
for every G G C(G). 

(2) For every C G C(G) and C' E C{G'), 

H^{<j> X(t>',Cx C") < H^{(l),C) + H'^{(j)',G'). (2.2) 



// the minor (p-trajectory of C converges, then equality holds in (|2.2[) . 
(3) Let<^ = (j>X(t):GxG^GxGandG€ C{G). Then 

i7^($,G X C) = 2iJ^(0,G). 

Proof. (1) Let be a Haar measure on G. For every Borel subset E C G' , let fJ,'{E) — fi{a^^E). 
Then /i' is a Haar measure on G' . For G £ C(G) and n G N+, 

fi{T^{cb,G)) = fi'iaT,ficl,,G)) = fi' (T^ , aG)); 

consequently, H^{<j),G) = H-{(t)' ,aG). 

(2) Let /i and /i' be Haar measures on G and G' respectively. It is known that there exists a Haar 
measure ^x^' on GxG' such that {px^'){ExE') — ^{E)^'{E') for every measurable E C- G, E' C G' . 
Let now G G C(G), G' G C(G') and n G N+. Then r|(</. x 0', G x G') = G) x T,^^(0', G'), and 

so 

r<..., 1= log(MXA*')(r„^(0x0',GxG')) 



i7^(</.x0',GxG')=limsup- 



n 

\ogfi{T,f{cj,,G)) , , logA^-(T„^(<^',GO) 
< limsup h limsup — (2-3) 



n— J-oo ^ 
r</j, , zir</ 



= i/^((/),G) + i/^(0',G'). 

If the minor (^-trajectory of G converges, then equality holds in 

(3) If G = G', = (j)' and G = G', then again equality holds in ^l^. □ 

3. Algebraic entropy of endomorphisms of 

We start this section fixing some notations. Recall that we denote by P the set of all prime numbers 
plus the symbol oo. All along this section p denotes an arbitrarily fixed element of P and N a fixed 
positive integer. 

When p < oo, we denote by Qp the field of p-adic numbers, which is the field of quotients of the 
ring Zp of p-adic integers, that is, Qp = UneN ^^p- arbitrary element x of Qp has a unique 
p-adic expansion of the form 

X = X^nP^'^ + X-n+lP^''^^ + . . . + Xo+ Xip + . . . + Xkp'' + ■ 

for some rt G N, and < Xi < p — I for every i > —n; for a; ^ we always assume that a;_„ ^ 0. The 
p-adic norm of x is 

I I Jp" ifx^O; 
'"'^^\0 ifx = 0. 
When p = oo, we let Q^o — M and | — |oo be the usual absolute value on R. 
For every p G P and e G M+ , we denote by 

Dp{e) = {x G Qp : \x\p < e} 

the disc in Qp of radius e centered at 0. The family J'p = {Dp{e) : e G M+} is a base of compact 
neighborhoods of in Qp. 

Remark 3.1. If p is finite, £'p(l) = Zp is the ring of p-adic integers. More generally, since for every 
non-trivial x G Qp, \x\p = p™ for some m G Z, we have that Dp{e) = Dp{p'^), where m is the largest 
integer such that p"* < e, and Dp{p'^) = p~"^Zp for every m G Z. 

Thus Jp = {p"™Zp : m G Z}, where p'^Zp C p^-^Zp for every m G Z. 
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in K!^ 



3.1. Finite extensions Kp of Qp. All along this section, Kp denotes a finite extension of Qp of 
degree 

dp = [Kp : Qp]. 

We denote again by | — |p the unique extension of the p-adic norm to Kp. Note that Kao can be only 
either the trivial extension Koo = K or Ko^ — C In the first case c?oo = 1, while in the second case 
doo — 2 and | — |oo is the usual norm on C. 

Fix on Kp the max- norm with respect to the canonical base, that is, for every x — G Kp , 

let 

\x\p = max{|a;j|p : i = 1, . . . , N}. 
For e G IR.+ , the disc in Kp centered at of radius e is 

Dp^Nie) ^{xeK^ : \x\p < e}; 

sometimes we denote Dp,i(e) simply by Dp{e). 

The family {£)p_jv(e) : e G R+} is a base of compact neighborhoods of in Kp . 

Remark 3.2. For every i e {1,...,N} denote by Wi : K^ Kp the i-th natural projection. A 
subset S of Kp is said to be rectangular if it coincides with the cartesian product 7ri(S') x . . . x TrN{S). 
For the choice of the max-norm, Dp^N^e) is rectangular and all the projections n.i^Dp^N^e)) coincide 
with Dp^i{e), that is Dp^^i^) = Dp,i{e)^ . 

Let /i and iin be the unique Haar measures on Kp and on Kp respectively, such that /i(Z?p(l)) — 1 
and /^Ar(I?p.Ar(l)) = 1. By the uniqueness of the Haar measure, /ijv is the product measure of the 
measures /i taken on each copy of Kp. In particular, 

m{Dp.N{£)) = (iNiDp^iie)'') = KDp{^)f- (3.1) 
In the following lemma we use Remarks 13.11 and 13.21 to estimate the measure of the discs Dp,N{e) 

■N 
P ■ 

Lemma 3.3. Let e G M+, p G P and let jjLp he the unique Haar measure on Kp such that fip{Dp^j^{l)) — 
1. Then fip{Dp^N{£)) < e'^"^ ■ 

Proof. By p.ip in Remark 13.21 we can assume N = 1. We divide the proof in two cases. 

First suppose p = oo. Then Doo(£) = ^Doai^)- The scalar multiplication by e is an automorphism 
of Koo, that we denote by (/?£. Then, by the definition of modulus and Example 12 . 3f b.d) . we get 

HooiDooie)) = ^ioc.ieDooil)) = | detK^((^e)|''=°Aioo(£'oo(l)) = e''". 

Suppose now that p is finite. By Remark 13.11 there exists to e Z such that < e and Dp{e) = 
Dp{p"^) = p~'^Dp{l). The scalar multiplication by p"™ is an automorphism of Kp, that we denote 
by Lfp-m. Then, using the definition of modulus and Example 12. 3f e). we get 

^ipiDpie)) = Mp(^p(/")) - ^^p{p-"'Dpi^)) = |detK^(^p-™)|^-/ip(Z?p(l)) =p"''- < e^", 
as desired. □ 

For a ii^p-linear endomorphism cj) : K^ , we define the norm of (f> as 

r N ^ 

= maxj ^ \aij\p : i ^ 1, . . . , N \ , (3.2) 

where = {aij)ij is the N x N matrix associated to (p with respect to the canonical base of Kp . 
It is well-known (and easily verified) that |</'(x)|p < ||0||p|x|p for every x G Kp . Equivalently, 

<f>{Dp^N{e)) C Dp^NiMlpe). (3.3) 

Remark 3.4. For a finite p G P, the natural choice for the norm to consider in (|3.2I) should be 

max {|aij |p : 1 < i, i < N} . 

This would allow a better approximation in p.3p . Nevertheless, we prefer the norm as defined in 
as it permits to treat the case p = oo together with the case when p is finite. 
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3.2. Algebraic entropy in , when Kp contains the eigenvalues. All along this and the 
following subsection wc fix p G P. Let A G Kp. An N x N matrix J with coefBcients in Kp is a 
Jordan block relative to A if all the entries on the diagonal of J are equal to A, all the entries on the 
first superdiagonal are equal to 1 and all the other entries are equal to 0: 









Vo 







1 

V 



the matrix J" is an upper triangular matrix with 
,min{s, A — 1}; in case 



It is well-known from linear algebra that for s G 

A* on the diagonal and (pA""^ on the j-th superdiagonal, for j — 1,2, 
s < A — 1, the values above the s-th superdiagonal are all zero. 

An A X A matrix M with coefficients in Kp is said to be in Jordan form if it is a block matrix 
whose diagonal blocks are Jordan blocks and all the other blocks are zero. 

In the following lemma and proposition we compute the algebraic entropy of a Ap-linear endomor- 
phism of Kp whose matrix is a single Jordan block. 

Lemma 3.5. Let cj) : Kp Kp be a Kp-linear endomorphism whose matrix is a Jordan block 
relative to \ E Kp, let n G N+, and e G M+. 

(1) l!\\\p < I, then T,,{4>,Dp,N{e)) C Dp^Nin'^+^Ne). 

(2) 7/|A|p > 1, then T^i^, Dp^Nie)) C Dp,w(|A|^n~+i7V£). 

Proof. For every s G N, the explicit form of the matrix gives 




l,...,N} <s 



min{s,7V-l} 



(3.4) 



Ae). 



(1) If |A|p < 1, then ((331) gives Wcji^Wp < iVs^ for every s G N. Consequently by ([33 

Dp,Ni£)) C Dp^Nie) + Dp.NiNe) + ... + Dp,N{{n - ifNs) C Dp^N{n''+' 

(2) If |A|p > 1, then (03) gives H^^Hp < As^|A|; for every s G N. So, by ^ 

r„(0, Dp.Nie)) C Dp^Nis) + Dp^NilMpNs) + ■■■ + DpMin - lf\X\;~^Ne) C | A|^Ae). 

This concludes the proof. □ 

Proposition 3.6. Let (j) : Kp — Kp be a Kp-linear endomorphism whose matrix is a Jordan block 
relative to X ^ Kp . Then, for every e G R+ , 



,Dp^n{£))=Ha{4>.Dp^n{£)) = 



*/|A|p<l, 
dpN-\og\\\p if\\\p>l. 

Furthermore, the (p-trajectory and the minor (j)-trajectory of Dp^N{e) converge. 

Proof. Let /ip be the unique Haar measure on Kp such that /ip(_Dp^jv(l)) — 1. For every e G M+, by 
Lemma 

< H^i(P,Dp^N{£)) < HA{4>,Dp,N{e)). (3.5) 
Suppose that |A|p < 1. By Lemma 1531 1). T„(0, L'p^Ar(e)) C Dp^^in'^^^Ne), and so 



< Ha{4'tDp^m{£)) — limsup 



log Hp{Tn{(l),Dp^N{£))) 



< lim 

n— >oo 



log fip{Dp^N{n^+^Ne)) 



< 



< hm ^^^^ ^ 

n— !-oo Jl 



^.^ dpNjN + 1) log n + dp A log( Ag) _ ^ 



where the inequality (*) comes from Lemma 



The thesis now follows from (13.51) 
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On the other hand, if |A|p > 1, then Tr,{<p, Dp^N{s)) C D(| Al^n^+^iVe) by Lemma[S3i;2), and so 

„ f. ri f V \og f^p{Tn{<l^,Dp,N{e))) .. \og^lpiDp,Ni\X\;n^+'Ne)) ^ 
Ha\(P, Vp_j\i{e)) — limsup = limsup < 

(**) \og{{\X\;n^+'Ner^^) dpNn\og\\\p + dpN \ogin^+^ Ne) ^ , 
< hni — hm — ~ dpN ■ log |AL, 



where the inequahty (**) comes from Lemma 13.31 Furthermore, <j) is an automorphism and so, by 
Example [13i;e) and by Lemma [^1^ 2) . 

dpiV-log|A|p = log(modK«(0)) < H^{cj),Dp^Nie)). (3.7) 



The two inequalities in p.6p and p.7p . together with that of p.Sp . give the desired conclusion. □ 

Using the above results we can give now a general formula to compute the algebraic entropy of a 
i^^p-linear endoniorphism of having all eigenvalues in the base field Kp. 

Proposition 3.7. Let cj) : Kp — > Kp be an endomorphism, C G C{Kp) and assume that the 
eigenvalues {Ai : i — 1, . . . , of (p cif^ contained in Kp. Then 

hA{4>)^HA{4>,C)=H^{4>,C)= J2 dp-\og\K\p. 

Proof. Denote by the matrix associated to (p. It is well-known from linear algebra that there exist 
an invertible matrix M and a matrix J such that il/^ = M^^JM, with J in Jordan form. Denote by 
■0 the endomorphism associated to J and by a the automorphism associated to M . By Proposition 
I2.13f L) and Proposition 12 . 7f 1 ) . we have 

H^{(t>,C)=H^{iP,aC), HA{(t>,C)=HA{^,aC) andhA{(l>)^hA(^). (3.8) 

Clearly, aC G C{Kp) and so we can fix (5, e e M+ such that 

Dp,N[5) ^aCC Dp^Nie). 

Now, Kp is a direct product of ^/^-invariant subspaces on which tp acts as a single Jordan block. By 
the existence of limits in Proposition [2111 we can apply Propositions 12.7( 2) and 12.131 2) to obtain 

dp - loglKlp ^ H^iiP,Dp^NiS)) < H^iiP,aC) < 

|A,|p>l 

<HAii^,aC)<HAii^,Dp^Nie))^ ^p-loglA^. 

A,|p>l 

Since a induces a bijection of C{K^) onto itself, in particular for every C G C{K^) we have 

H^{i:,C)^HA{i',C)^ Y dp -loglX^lp. (3.9) 

\\i\p>i 

Consequently, 

hA{^)= J2 dp -loglX^lp. (3.10) 

|A,|p>l 

Now p.8p applied to p.9p and p.lOp gives the desired conclusion. □ 

3.3. General formula for the algebraic entropy in Qp . Applying Proposition 13. 7[ in the fol- 
lowing theorem we can compute the algebraic entropy of an endomorphism of Qp in terms of the 
eigenvalues of its matrix. This is a more precise version of Fact A announced in the Introduction. As 
a consequence we improve Proposition 13 . 71 in Corollarv 13.91 

Theorem 3.8. Let cpp : be an endomorphism and C G C(Q^). Then 

hA{(Pp)^HA{(t>p,C)^H^{^p,C)^ Y log|A.|p, 

Ai|p>l 

where {Xi : i — 1, . . . ,N} are the eigenvalues of (j)p in some finite extension Kp o/Qp. 
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Proof. Let dp = [Kp : Qp]. Extend cf>p to a Kp-linear endomorphism (pK^ of simply by letting 

the eigenvalues {A^ : i — 1, . . . , N} C Kp of c/fHj, are exactly the eigenvalues of (j)p, since 0/^^ and (j)p 
are represented by the same matrix. 

Fix a base {et : i — 1, . . . , dp} of i^p over Qp. Then every x G Kp has coordinates (x^^^ , . . . , a;^'^?^) 
with respect to this base. Moreover, K^ = (Qp)'^'' and this isomorphism is given by a : K^ — > 
(Q^)''^ defined by 

a(-0iIi = ((-r^)iIi,-.-,(4'^^)f=i))- 

For 

<^ = cj)pX ...X(t,p:{Q^f- ^{Q^f", 

dp 

an easy computation shows that 

(f>Kp = a'^^a. 

Let C e C(ii:^); so aC eCdQ^Y") as well. By Propositions OSll) andO;i), 

H^{<l>Kp,aC') = H^{<f,C'), HA{cl)Kp,aC')^HA{<S>,C') and /i^I^kJ = 
These equalities and Proposition 13.71 vield 

hA{<f) = H^{<S>,C')=HA{<i>,C')= ^ dp-log|A,|p. (3.11) 

A.|p>l 

Let now C £ C(Q^); then C" = C x . . . x C e C((Q^)''f ). Since $ = 0p x . . . x 0p, (|XTT]) together 

f^p dp 

with Propositions 12. 7T 3) and l2.13r 3). and an obvious inductive argument, gives 
hA{4'p) = H^{<Pp,C) = HA{<Pp,C)^ ^og\X,\p, 

\X,\p>l 

as desired. □ 

Consider a A'p-linear endomorphism : K^ — >■ K^ . In particular, is conjugated to an endomor- 
phism ip of Qp''^ ■ Furthermore, the set of the eigenvalues of ip over Qp is a disjoint union of dp many 
copies of the set of the eigenvalues of </> over Kp. Hence, a consequence of the above theorem is that 
in Proposition 13 . 71 it is superfluous to assume the eigenvalues of (f> to lie in the base field Kp: 

Corollary 3.9. Let (p : Kp — )■ K^ be a Kp-linear endomorphism and C G C{K^). Then 
hA{4>)^HA{4>,C)^H^{4>,C)^ dp-log|A,|p, 

A,|p>l 

where {Ai : i = 1, . . . , N} are the eigenvalues of (j) in some finite extension of Kp. 

4. Algebraic entropy of endomorphisms of 

We fix all along this section a positive integer N and an endomorphism : . 

4.1. First reduction. To evaluate the algebraic entropy of (j) one has to consider the growth of the 
trajectories of all the finite subsets of containing 0. We introduce a smaller family of finite subsets 
of , that suffices to compute the algebraic entropy of 0, as proved in Proposition [ 
Let {ci : i = 1, . . . , N} be the canonical base of over Q. For every m G N+, let 



E„ 



< CiCi : Ci — 0, ±l/m, ±2/m, . . . , ±m/m > 



The following lemma is an easy application of the definition. 
Lemma 4.1. If m,ni' G N+ and m' divides m, then Em' ^ E„ 
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Let now a G Q. We denote by (pa '■ the multiplication by a, namely (pa{x) — a ■ x for 

every x S Q-^ . If a 7^ 0, then (pa is an automorphism of and the diagram 



fa 



commutes, that is, 

^a(f>Va^ - <f>- (4.1) 

Proposition 4.2. In the above notations, hA{4>) — sup{iJyi((/), : m G N+}. 

Proof. By definition hAiip) > sup^gpj^ HA{(f>,Em)- On the other hand, let F e C(Q^). There exist 
s, t e N+ such that F is contained in a set of the form 

Ss,t 



|^(a,/fe,)e^ : = 0, ±1, ±2, . . . , ±t; fe, = 1, 2, . . . , s| 



Lemma l2.4f l') yields Ha{<P,F) < Ha{4>, Ss.t)- For a = 1/t, we have faSs,t — Est. In view of 
Proposition 12 . 7f 1) and (|4.ip . we obtain 

iJA((/>, Ss^t) = HAiipa<P'Pa^,VaSs,t) = -^aC^, -Est). 

Hence, < sup^gpj^ HA{4>,Em). □ 

4.2. Subrings of the rationals. A non-zero rational number x can be written uniquely in the form 
X — a/h with a G Z, G N+ and (a, &) — 1; so we assume every non-zero rational number to be in 
this form. 

For every subset V of P, let 

Z(p) =Z[l,l/p:pG7'\{w}] (4.2) 

be the subring of Q generated by 1 and all the elements of the form 1/p with p G V\{oo}. Note that 
Z(7[5) contains Z for every choice of V\ in particular, Zcpj = Zif7-' = 0or7-' = {00}. Furthermore, if 
P = P, then Z(-p) = Q and if P = P \ {p} with p < 00, then Z(-p-) is isomorphic to the localization of 
Z at the prime ideal pZ. 

By definition, a non-zero rational number a/6 belongs to Z^p) if and only if all the primes dividing 
b belong to V. This is expressed equivalently in item (1) of the following lemma in terms of the p-adic 
values (see (|4.14p in Section for another equivalent description of Z(p)). Item (2) is another basic 
property of the p-adic values of elements of Zcp-j for p £ V. 

Lemma 4.3. Let V be a subset of P. 

(1) //x G Q, then x G Z(-p) if and only if \x\p < 1 for every p G P \ P. 

(2) If X £ Zj-p), X ^ and \x\oc < 1, then max{\x\p : p £ V \ {00}} > 1. 

Proof. Item (1) follows directly from the definition. The hypotheses of item (2) imply that x has 
non-trivial denominator and so there is some prime p dividing it, that is \x\p > 1. By item (1), 
p G -p. □ 

Now we go back to our usual setting, that is, iV is a fixed positive integer and : is an 

endomorphism. 

Definition 4.4. Let Af^ = {aij)i,j be the N x N rational matrix associated to and let m be a 
positive integer. The set 7^(0, m) is the minimal subset of P containing 00 and such that {l/m}U{a.y : 
1 < < C Zcp(0^„j)). Furthermore, let 7'<°°((/), m) = 'P{(j),m) \ {00}. 

In other words, p G P belongs to 7^(0, m) if and only if either p divides the denominator of some 
aij, for 1 < i,j < A^, orp divides m, orp = 00. So in particular p G 7'<°°((/), 1) if and only if ||0||p > 1. 

The following proposition shows how the subrings Z(-p(0 „i)) are related with the subsets E„i of 
introduced in the previous subsection. 
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Proposition 4.5. Let m be a positive integer. Then: 

(1) (Z(-p(0 jn)))"'^ is a (p-invariant subgroup of containing £',„; 

(2) Tn{(j),E,n) C (Zcp(0^„)))^ for every n e N+. 

Proof. (1) Let x G {'^{vitjj.m)))^ ■ The components of 4>{x) are sums of components of x multiplied by 
coefficients of the matrix of (j). By the definition of 'P(0, to) and since Z(73(0_m)) is a subring of Q, we 
have that G {Z(^-p(^ m)))'^- 

(2) follows from (1). □ 

4.3. Prom cardinality to measure. We begin this subsection fixing some notation. For p e P, let 
<^p ■ Qp be the diagonal map of the natural embedding of Q in Qp. Moreover, let 'P be a fixed 

finite subset of P containing oo. The finite product Yipev^p LCA group. For every e e R+, 

we set 

p^V ,p<oo pEV 

Furthermore, we denote the diagonal map of the embeddings ap : — by 



pev pev 



In these terms, we give a useful consequence of Proposition 14. 5f 2): 
Corollary 4.6. Let m,n e N+ and p e P\7'(0,m). Then ap{Ta{(t), Em)) C i?p,Ar(l). 
Proof. If a; G T„(0, £'„), then |a;|p < 1 by Proposition 14.5( 2). that is, ap{x) G £'p.Ar(l). □ 

Moreover, one can state a slightly different interpretation of Lemma [13r 2'). In fact, given a subset 
"P of P such that oo G V, and two distinct elements x,y G Zj-p), at least one among the p-adic 
distances \x — y\p (with p €V) is "large". Roughly speaking, the diagonal embedding Q Hpe-p 
"separates" x and y. This fact is fundamental for the following result, that explains how we pass from 
a finite subset of to a measurable subset of a finite product Hpep '^p whose Haar measure 
coincides with the size of J-". To this end we use a finite subset P of P containing oo and such that 

C (Z(p))^. When this result applies in the sequel, is always an n-th (/)-trajectory and V is of 
the form V{(j),m), for some endomorphism cf) of and some positive integers n,m. 

Proposition 4.7. Let V be a finite subset ofV containing oo, and k an integer > 3. 

(1) If x,y {Z(-p))^ and x y, then 

{ar{x) + Vvil/k)) n + Pp(l/fc)) - 0. 

(2) If J- Q {"Lcp))^ is finite, then 

^l{ar>{T)+Vr>{l|k)) = 

where p, is the Haar measure on Yipev'^p ■^^c/i that /i(P-p(l/fc)) = 1. 

Proof. (1) Denote by Xi and yi (with i = I, . . . , N) the components of x and y in the canonical base 
of over Q. If there exists i £ {1, . . . , N} such that \xi — yi\oo > 1, then 

(aoc^ix) + D^,N{l/k)) n (aoo(y) + Doo,N{l/k)) = 0. 

On the other hand, if \xi — j/i|oo < 1 for every i — 1, . . . ,N , we can fix j £ {1, . . . , N} and use 
Proposition I4.3f 2) to find a finite p in V such that \xi — yi\p > 1. Therefore 

{ap{x) + Dp^nW) n (ap(y) + £'^,^(1)) = 0. 

(2) Let — {fi : i — 1, . . . ,h} for some positive integer h. We can suppose fi ^ fj whenever 
^ < i j ^ h. By item (1) we have that Ui'=i(o^p(/i) + ^7'(l/^)) ^ disjoint union. By the definition 
of Haar measure we obtain /i(lJiLi ^^vifi) + T^vi^/k)) = h = | □ 
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4.4. Algebraic entropy as sum of p-adic contributions. All along this subsection we fix m G N+. 
For every finite p £F and n G wc write 

for p — oo and k € N+ with k > 3 

i^,E,n,k) ^ aooTn{(l>,E^) + Doo,Nil/k), 

and 

T:{cl),E„,,k) Tn((f>,Em) + I?-p(0,m)(l/A:). 

Consider a finite p S P and a Haar measure fip on Qp . We introduce the p-adic contribution to 
the algebraic entropy of (j) at E„i as 

i/^(^,i;„0^1imsup^"g^^(^"(^'^"'». 

Consider also a Haar measure /ioo on = (for example one can take the usual Lebesgue measure 
of M^). The oo-adic contribution to the algebraic entropy of (f> at Em is 

H (0, Am) = limsup . 

n~^oo ri 

The following theorem shows that the algebraic entropy of (j) with respect to Em is the sum of the 
p-adic contributions at Em with p ranging in T'{(j),m). In particular, since none of the quantities 
involved in equation (|4.3p . but eventually H°°{(j),Em), depend on k, it follows that also H°°{(p,Em) 
does not depend on the choice of k. 

Theorem 4.8. In the above notations, for k > 3, 

HA{cl>,Em)^ HP{^,Em). (4.3) 

In particular, II°° {(j), Em) does not depend on the choice of k in its definition. 

Proof. For every finite prime p, let pLp be the Haar measure on such that p,p{Dp^N{l)) — 1, 
/Xoo the Haar measure on such that Poo{Doo. N{^/k)) = 1, and let p, be the Haar measure on 
IlpeV{<p,Tn) '^p such that fJ-iV-p (i/fc)) = 1. 

We assume V^°° {(f>,m) to be non-empty; in case V{(j),m) = {oo} a similar argument leads to the 
same conclusion. So fix n e N+. By Proposition 14.5( 2). T„(0, £',„) C '^^■p^^m))- Hence, Proposition 
Wm 2) gives 

\Tn{<j^,Em)\= ^Ji{T*{<P,Em,k)). (4.4) 
Using dH and the fact that T*{(j),Em,k) C T^{^,Em,k) x Upev<^{4,,rn)T^i'l^: Em), we obtain 

\Tn{^,Em)\<t^oo{T^{^,Em,k))- [] ^lp {TP{^, Em)) ■ 

p£-p<ao (0,m) 

On the other hand, ^p {TP{(j), Em)) < |T„(<?!), Em)\ for every p 6 (</), m), and pL^{T^{(l), Em, k)) < 
\Tn{(j), Em)\, as both TP{(j),Em) and T^{(j),Em,k) are unions of families of \Tn{(p, Em)\ many sets of 
measure 1. So 

^iooiT^i<P,Em,k))■ n ^lpiTPi^,Em))<\Tni(t>,Em)\■\P{(|),m)\. 

Taking logarithms, dividing by n and passing to the limsup with respect to n we obtain (|4.3p . □ 
Lemma 4.9. If p eP\P{(p,m), then HP{(I), Em) ^ 0- 

Proof. By Corollarv l4.6| apTn{(j), Em) ^ -Dp,Ar(l) for every n £ N+. Since | — |p is non- Archimedean, 
this implies that TP{(j), Em) = CipTn{4>, Em) + Dp,N{^) ^ E)pj^{l). For a given Haar measure p on 
Qp we get 

7J^(^,i?™)<limsupi^ii^(^^^=0, 
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as desired. □ 

Theorem 14.81 and Lemma 14.91 immediately give 
Corollary 4.10. In the above notations, 

77^(0,^;™) = ^ iff (0,^;™). 

4.5. The p-adic contribution to the algebraic entropy is the algebraic entropy of (f)p. For a 
fixed p S P, as noted above it is possible to extend </> to a Qp-linear endomorphism (pp of the Qp- vector 
space extending the scalars, that is, 

This means that (j)pap{x) = ap4){x) for every x G Q^. So (/>p and are represented by the same 
matrix. 

We prove now some technical results that allow us to bound the p-adic contributions to the algebraic 
entropy of (j) from above using the trajectories and from below using the minor trajectories of (j)p in 
Q_p ■ These approximations lead to show that the p-adic contribution to the algebraic entropy of (j) 
coincides with the algebraic entropy of (/)p (see Proposition 14. 14p . 

We start with the following lemma, which applies in the proofs of Propositions 14.121 and 14.131 

Lemma 4.11. Let p ^ ¥ , k ^ with fc > 3, and let h be the maximal non-negative integer such 
that <k. 

(1) If p < oo, then £'p,Ar(fc) C UpEm + Dp,N{^) for every m G N+ such that p^\m. 

(2) For every m>k, Doo,Ar(l) C Ofoo-Em + -Doo,iv(l/fc)- 

Proof. By Remark |3.2[ it suffices to prove the result in the case N — 1. 

(1) Let m G be such that p^\m. If a; G Dp(k) then \x\p < p^ (see Remark l3.ip . Write the p-adic 
expansion 

X — x^hP^'^ + . . . + x^ip + xo + ■ ■ ■ , 

with < Xj < p for every j = —h, . . . , 0, . . .. Let now y be a rational number with "bounded" p-adic 
expansion of the form 

y = X-hP^'' + . . . + x_ip~^. 

It is then clear that x — y G -Dp(l). Since j/ is a rational number with denominator p^ and numerator 
between and hp'^ , there exists z G Z C Dp{l) such that y — z^w has denominator p'* and numerator 
between and p'*. Therefore, w G oipEm and x — w £ £'p(l), that gives x G oipEm + Dp{l) as desired. 
(2) This is clear. □ 

Proposition 4.12. Let m,n € N-^ and let p €¥ be finite. Then: 

(1) TPi^,Em)CTr,i^p,Dp^N{\l/m\p)); 

(2) T^{cj)p^Dp^N{^)) QTP{(j),E,n), if\\(j)p\\p divides m. 

Proof (1) Since apTn{(f>, E^) = ap(£^m + ■ . • + 4>"~^Em) = apE^ + • . • + (fip^^apEm, since apE,n Q 
Dp,N{\^/i^\p), and as £'p_Ar(l) + Dp^i^{\\/m\p) — Dp^N{\l/m\p) by the strong triangular inequality, 
we obtain 

TP{^,Em) = apTni(j),E„,) + Dp^N{l) C T„{^p, Dp^N{\l/m\p)) + Dp^N{l) C T^{cj)p, Dp^Ni\l/m\p)). 

(2) We use induction on rt > 1 to prove that T^{4>p, Dp^N^l)) C TP{4', Em)- 

For n = 1 it is enough to notice that T^{(j)p, Dp^N{l)) = Dp^Ar(l) is clearly contained in Tf{<j>, Em)- 
So let us prove that, if 

T^{(j)p,DpMl))^TP{<j,,Em) (4.5) 
for some n G N+ then T,^_^j((/)p, Z3p,Ar(l)) C T^^_^_^{(j), Em)- In particular, we need to show that 
X + Dp,N{l) C TP+i(0, Em) for every x G 0^i?p^w(l). 
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Indeed, given x £ (/)pDp,Ar(l), there exists y S (f)^~^ Dp^^i^) such that cj)p{y) = x. Furthermore, by 
(|4.5p we have that y G TP{(l),Ejn), and so there exists z S Tn{4',Em) such that ?/ e ap(z) + Z)p^Ar(l). 
This shows that 

X = 0p(2/) G 0p(ap(2:)) + (t)pDp^N{i) C ap(0(z)) + Dp^pfiWf/^pWp), (4.6) 
by p.3p . As we supposed that divides m, we can use LemmalTTTJl) to show that 

Dp,N{\\(t)p\\p) C apE^ + Dp^N{l)- (4.7) 

Now and together give 

X G ap((/)(z)) + r'p,Ar(I|(?!)p||p) C ap(f>Tn{(l), E,n) + apE„i + Dp^Ni^) = apT'„+i((?!), i;,„) +£'p,Ar(l). 
So,x + Dp^N{l) C apT„+i(,/),i;™) +i?p,A,(l) + i^p,jv(l) = £;,„). □ 

The following proposition is the counterpart of Proposition 14. 1 2] for p = oo. 

Proposition 4.13. Let k = max{[||0oo||oo + lli 3} and m,n ^ N+ with m>k. Then: 

(1) T-(0,£;™,fc) C^„(0o„i?oo.iv(2)); 
(2) r„^(0„o,i^oo,iv(i/fc)) cT-(0,i?„,fc). 

Proof. (1) Since 

a<x,Tn{(j},Em) = aoo(-Bm + . . . + 0"""^i?m) = a<x>Em + . . . + 0j^^Q!oo^^m, 

OiooEm C -Doo,jv(l) and -Dtx).A'(l) + -Doo,Af(l/fc) ^ -C'oo,jv(2), we easily obtain that 

T^i(j),E^,k) = aooTn{(t).E^)+Doo,N{l/k) C r„(</)oo, i?oc,iv(l)) + i?oo,iv(l/fc) C T„((^oo,i?oo,Ar(2)). 

(2) Firstly we verify that 

0oci^oo,jv(l/fc) + DooM{l/k) C i5oo.Ar(l). (4.8) 

Given x G 4>ooDoo,N{^/k) + -Doo.JvCl/fc), there exist xi, 2:2 G -Doo,Af(l/fc) such that x = (?!'oo(a;i) + 2:2. 
Thus we obtain 

|a;|oo < |0oo(a;i)U + |a:^2|oo < ||(?!>oo||oo|a:^i|oo + 1/^ < (1 + ||0oo||oo)l/fc. 

Since (1 + ||<^oo||oo)l/fc < 1, as by hypothesis k > \\(l)oo\\oo + 1, it follows that ()4.8p holds true. 

We now use induction on n > 1 to prove the thesis of (2), that is T^((l)oo,E>oo.N{^/k)) C 
T^{(j),Em,k). For n = 1 it is enough to notice that -Doo,Ar(l/fc) + E>oo,N{^/k) C £'oo.7v(l) Q 
T^{cl), Em, k)hyLemm&EJll2). 

So let us prove that, if 

T;^('/'co,^oo,iv(lA)) CT,^(0,£;™,fc) (4.9) 

for some n G N+ then T,^_^j((/)oo, -Doo,w(l/^)) Q T^i{(j>, Em,k). In particular, we need to show that 

x + Doo.N{llk)QT^+^{<j),Em,k) for every x G 0^i?oo,w(l/A:). 

To this end, let x G cf)^Drx,.N{^/k); then there exists ?/ G 0^^£'oo,7v(l/^) such that (pooiy) = x. 
By (14. 9p we have that y G T^'^ {(p, Em, k) and so there exists z G Tn{(f),Em) such that y G aoo{z) + 
Doo,N{^/k). This shows that 

X = (?!'oo(y) C 0oo(aoo(z)) + (?!'oo£'oo,7v(l/^). 

Hence, 

X + Doc,N{l/k) C (/)oo(aoo(^)) + (f)ocD^,N{l/k) + Doo,N{l/k) C aooi^z)) + Doo,n{1), (4.10) 
by g^). By Lemma [1III1;2), 

i?oo,iv(l) CaooSrn+^oo,w(l/fc). (4.11) 

Now (|ilUl) and ((iTT|) yield 

X + Doo,N{l/k) C aoo(0(z)) + r)oo,w(l) C aco(f>Tn{(l),Em) + aooEm + Doo,N{i/k) 

= aooTn+l{c^,Em) + Doo.Nil/k) = T^+^{c^,Em,k), 

as desired. □ 
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Consider the following infinite set of natural numbers: 

TV^ = < m G N+ : m = c ■ ]^ \\4'p\\p, with c > max{[||0oo||oo + 1], 3} 
[ pe-p«»(0,i) 

with the convention that an empty product is equal to 1. Then every m G TV,/, satisfies all the 
hypotheses of Propositions 14.121 and 14. 1*51 and {Em '■ m G Af^} is cofinal in {E„i : m G N+}. 

As announced, we can now prove that the p-adic contribution H^{4i, Em) to the algebraic entropy 
of an endomorphism cj) of is the algebraic entropy of (j)p . 

Proposition 4.14. Let rn G A/^ and p G P. Then 

hA{<j^p)^HP{d^,Em). 

Proof. We give a proof in case p < oo. The case of p = oo is completely analogous. Since our choice 
of m satisfies the hypotheses of Proposition 14.121 we get 

r^^(0p,7^p,jv(l)) C TP{^,Em) C T„(</>p,i^p,jv(|l/™|p)). (4.12) 

Choose a Haar measure ^ on . Applying ^, taking logarithms and passing to the limsup in (|4.12p 
we get 

hA{<j)p) = H^{(bp,Dp^N{l)) < HP{(b,Em) < HA{(j)p,Dp^Ni\l/m\p)) ^ hA{<j)p), 
where the first and the last equality follow from Theorem l3.8l □ 



Finally we can prove the following theorem, showing that the algebraic entropy Ha {4>) of 4> is the 
sum of the algebraic entropies hA{4>p) with p G P, that is Fact B in the Introduction. 

Theorem 4.15. For every m G N^,, 

hA{4>)=HA{<ly,Em)^Y.^A{cl>p)=Y. E logl^i^'^lp' 

per p6P|^(p)|^^^ 

where, for every p G P, {A^^'' : z = 1, . . . , N} are the eigenvalues of 4>p in some finite extension Kp of 

Proof. The family {Em '. rn G A/^} is cofinal in {Em ■ rn G N} and so, by Proposition |4?2] and Lemma 
I2.4f 2). we obtain that 

hA{(j)) = snp{HA{<j), Em) : m G N+} = snp{HA{(j), Em) : m G J\f^}. 
For every m G TV^, Corollarv l4.101 Proposition 14. 141 and Theorem 13.81 vield 

pGP per psi" |A<'''|p>i 

and this concludes the proof. □ 

4.6. Comparison with the topological case. In the proof of the classical Yuzvinski Formula given 
in [5D] a fundamental step is j20j Theorem 1] (see (I4.13P below), in the same way as Theorem 14.151 
is for the proof of the Algebraic Yuzvinski Formula. In this subsection we compare their proofs to 
stress the difference. 

Following [20 and fMI, consider the adele ring Qa of Q, that is the restricted product 

G Y[ Qp ■ I^^pIp 1 S'll but a finite number of p 

pGP 

For a finite TCP, let 

QaCP) = {x G Qa : \xp\p < 1 ffp^P}. 

Then Qa = Upcp finite Qa(7'). 

Each Qa('P) endowed with the product topology inherited from IlpepQp locally compact. In 
particular, if P contains cxo, then Qa('P) is an LCA group isomorphic to Opep ^^p ^ Ylper\v'^p- 
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Furthermore, Qa with the coarsest topology making each of the Qa('P) open is locally compact as 
well. 

Let a : Q — > Qa be the diagonal embedding of Q in Qa- Then a{<Q) is discrete in Qa and (QA/a(Q) 
is topologically isomorphic to Q (see [201 Lemma 4.1]). Consequently, (Q^) is discrete in <Q_^ and 
Q^/a^iQ^) is topologically isomorphic to Q^. 

Consider an automorphism ip : -t> . As noted in the Introduction, the action of ip on 
is given by an x matrix with coefficients in Q. So the same matrix induces an automorphism 
ip '■ Qa ~^ ^^"^ automorphisms V'p : Qp Qp , for p G P, just extending the scalars. 

In [5D] Lind and Ward use the strong [3, Theorem 20] by Bowen (see Fact I6.8P to see that ip and 
ip have the same topological entropy. As a second step they verify that the topological entropy of 
ip coincides with the topological entropy of its restriction ip-p to Qa(7')^, for a suitable finite subset 
P of P containing oo {V = V{4), 1) U V{(j)~^, 1) U {oo}). Then they see that the topological entropy 
of V'-p is equal to the topological entropy of the product Jlpe-p '■ Ylpev ~^ Tlpev '^p ■ 
other hand, /it(V'p) = for every p E F\V. In this way they come to a proof of their [301 Theorem 
1], that is, 

hTW=J2hT{i^p). (4.13) 

pGP 

It is not known whether the counterpart of [3 Theorem 20] holds for the algebraic entropy (see 
Problem l6.9l below). So in this section we have developed an ad-hoc technique to prove Theorem l4.15| 
we briefiy recall it here. 

First, given an endomorphism (f) : — > , we restrict to the subfamily {E„i : m G N+} of the 
finite subsets of to compute the algebraic entropy of cf). Moreover, for m G N+, we consider the 
natural subset V{(j>,Tn) oiV. Note that 

- «"'(Qa(7'(0, m))). (4.14) 

For every p G P we define the p-adic contributions HP{(j)^ Em) to the algebraic entropy of 0, using 
the embedding of Q in Qp. Since HP{(f), Em) ~ for every p G P \ V{(j>, m), we directly embed in 
the finite product HpePC^ m) ''^^j which is an LCA group; in this embedding, we "fatten" the n-th 
(^-trajectories Tn{(l),Em) to measurable subsets T*{(f>,Em) of Ylp^-pQp- In this way we prove that 
HA{<j),Em) = J2pev{4,,m)H^i^^^rn)- Therefore, HA{(t),Em) = Epgp -^^(0, -E^). Finally, we verify 
that hA{4>p) = HP{(p, Em) for every p G P, where (pp = (j) ®q idq is the extension of (p to Qp, so that 
we can conclude the proof of Theorem 14. 151 stating that 

^a(0) = ^hA{(f>p)- 

peP 

5. The p-ADic contributions to Mahler measure 

Thanks to Theorem 14.151 in the previous section we can see the algebraic entropy hA{4>) of an 
endomorphism of as sum of the algebraic entropies hA{4>p) with (f)p — (j) ®q idq^ and p ranging 
in P, passing in this way from to Q^. Moreover, Theorem 13.81 computes the algebraic entropy 
hA{4>p) in terms of the eigenvalues of (pp in a finite extension Kp of Qp. 

This subsection is devoted to a similar description of Mahler measure, which leads to the final 
proof of the Algebraic Yuzvinski Formula. We remark that the main ideas in this section come from 
[201 Section 6]. Nevertheless we give here complete proofs in order to make the treatment clear and 
self-contained. 

We start fixing some notations for the whole section. Let 

/(A) = A^ + aiA^-i + . . . + flAT^iA + flAT G Q[A] 
be a monic polynomial. We denote by s G the minimum positive integer such that 

sf{X) G Z[A]; 

in particular, sf{X) is primitive. 
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Fix p g¥. Identifying Q[X] with a subring of Qp[X], we can consider f{X) as an element of Qp[X]. 

Let {A^^'* : z = 1, . . . ,7V} be the roots of f{X) contained in some finite extension Kp of Qp. This 
means that there is a factorization 

in other words, for every n g {l,...,iV} we have 

^■■■■■^^ (5-1) 

ii <...<i„ 

where {ii, . . . ,i„} C {1, . . . ,N}. In what follows we always assume without loss of generality that 
the roots are ordered as 

l^i^^lp > lAj^'lp > . . . > |A^^|p. 

Assume now that p is finite. With this ordering, using ()5.ip and the non- Archimedean property of 
I - Ip, we get 



= |Al'')-....A(f)|p. (5.2) 



<...<«„ p 
We go on proving two technical lemmas needed in the proof of Theorem 

Lemma 5.1. Let p G P fee finite. Then p divides s if and only if \X^f^ |p > 1. 

Proof. If |A^^''|p < 1, then (|5.2p gives |a„|p < 1 for every n = 1, . . . , A^. This means exactly that p 
does not divide the denominator of a„ for every n = 1, . . . , A^. Hence p cannot divide s. 

On the other hand, suppose |A^^^ Ip > 1 and set &„ = — s • a„, for every n = 1, . . . , N. Then 

sf{X) ^ sX^ - biX^-^ - ...-bN e Z[X]. 
Since A^^^ is a root of f{X), we get s = bi/x[''^ + ... + 6jv/(a1^V- Then 



|s|p < max ' 



: n= 1,...,A^ > < 1 

p 



as \bn\p < 1 and |(A^^'')"Ip > 1 for every n = 1, . . . , A^. Now |s[p < 1 is equivalent to say that p divides 
s. □ 

Lemma 5.2. Let p G P 6e finite. Then 

log|l/s|p= ^og\X^^\p. (5.3) 

Proof. If 1A[^''|p < 1, then |l/s|p = 1 by Lemma [5.11 and so both the right and the left hand side of 
()5.3p are 0. Assume that |A^''^|p > 1. Let n G {1, . . . , A^} be the largest index such that |a1^^|p > 1. 
By (|5.2p we have that \aj\p < |a„|p for every j G {1, . . . , A^}. Therefore, 

|l/s|p = max{l, [ailp,. . ., |ajv|p} = |a„|p = |A^^^ • . . . • A^f^lp = ]J |A,lp. 

|a1'"|p>i 

Applying the logarithm we obtain the wanted equality. □ 
Since every positive integer n can be written as n = Yip^p p<oo l^/^-lp' Lemma [52] yields 

log^= E E ^og\X^^\p. (5.4) 

We can now verify the decomposition of m{f{X)) as sum of p-adic contributions stated in Fact C 
of the Introduction. 
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Theorem 5.3. In the above notations, 

PGIP|A<'''|^>1 

Proof. By definition, 

m{sf{X)) ^\ogs + ^ log|Aj|oo, 

lA<~'loo>l 

so ()5.4p concludes the proof. □ 



Theorems 14.151 and 15.31 give immediately the following theorem, covering the Algebraic Yuzvinski 
Formula. Indeed, it gives a more precise result, namely the value of the algebraic entropy of an 
endomorphism (j> of Q^, coinciding with the Mahler measure of the characteristic polynomial of 4> 
over Z, is realized as the algebraic entropy of </> with respect to each Em with m G TV^. 

Theorem 5.4. Let (p : — > be an endomorphism and m G A/^. Then 

where p^{X) is the characteristic polynomial of (f) overTj. 

6. Applications and open questions 

In this final section of the paper, we describe the main results from [4], [5] and [6], which are 
the fundamental properties of the algebraic entropy of endomorphisms of discrete Abelian groups, 
underlying where the Algebraic Yuzvinski Formula is used. In general, in the proofs of these results 
one can separate the torsion and the torsion-free case, and reduce step by step to endomorphisms of 
divisible torsion-free Abelian groups of finite rank, namely, to endomorphisms of for some positive 
integer N; at this stage the Algebraic Yuzvinski Formula applies. 

Furthermore, a lot of related open problems are discussed. 

We start introducing a subcategory of the category of morphisms, which is useful in working with 
entropy. For a category £, the category Flow(£) of fiows of £ has as objects the pairs (G, </>), where 
G is an object of £ and (j) £ Endc(G). Moreover, a morphism in Flow(£) between two flows {G,(l>) 
and (G", 0') is a morphism m : G — ?• G' in £ such that the diagram 

(6.1) 




0' 

in £ commutes. When the domain G of is clear and no confusion is possible, we denote a flow (G, 4>) 
simply by (f>. 

Let now £2t be the category of all LCA groups, and 21 the category of all discrete Abelian groups. 
Usually entropy is defined as a function from the endomorphisms End£2i(G) of a given object G of 
£2t to R>oU{oo}. The category of flows allows for a more precise description of entropy in categorical 
terms, namely we can consider ) (as well as /it(— ) or hoo{—)) as a function 

hA ■■ Flow(£2t) R>o U {oo} such that (G, 0) /ia(0)- 

This approach makes it easier to state (and sometimes to understand) many known results. 

Example 6.1. It can be deduced from classical results (see for example [161 Chapter 12]) that the 
category Flow(2l) is isomorphic to the category Mod(Z[X]) of all Z[X]-modules. Indeed, a Z[X]- 
module M^x] is exactly an Abelian group M, together with an endomorphism 

(t)x : M ^ M defined by m i— > to • A, 

representing the action of X on M. 
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A short exact sequence in Flow(£2t) is a commutative diagram in £2t of the form 

^A^^B^^C ^0 (6.2) 

^ B —^C ^0 

where the two rows are short exact sequences in £21. In particular, a is a homomorphism which is 
also a topological embedding, while /3 is a surjective open and continuous homomorphism. 

Consider now a flow (G, (^) G Flow(£2l). If there exists a family {Ki : i G /} of ^-invariant 
closed subgroups of G directed by inclusion such that G = Uie/ then (G, 0) is the direct limit of 
{iKi,(l) \k,) : i e /} in Flow(£2t). 

Definition 6.2. A function h : Flow(£2l) R>o U {oo} (respectively, h : Flow(2l) R>o U {oo}) is: 

(a) upper continuous if, given a flow (G, (j)) in Flow(£2t) (respectively, in Flow(2l)) that is the direct 
limit of a directed system of subobjects {{Ki,<j) fi^.) : i e /} as above, hA{(f>) — sup{/ia(0 tifj : 

(b) additive if, given a short exact sequence as in ()6.2p in Flow(£2l) (respectively in Flow(2l)), h{(j)2) = 

With this new terminology we write the following consequence of Lemma 12.91 which is a result 
from [1]. 

Corollary 6.3. The function Ha '■ Flow(2l) — >■ R>o U {oo} is upper continuous. 



Note that Lemma 12.91 is far more general than Corollary 16.31 as it holds for directed systems of 
invariant open subgroups of arbitrary LCA groups. Nevertheless we do not know whether it is possible 
to prove upper continuity of hA{—) in full generality, that is, the following problem remains open. 

Problem 6.4. Is Ha ■ Flow(£2l) M>o U {oo} upper continuous? 

The first application of the Algebraic Yuzvinski Formula is a deep result from [3] , called Addition 
Theorem, which shows the additivity of /ia(~) when restricted to flows of 2t. 

Theorem 6.5 (Addition Theorem). The function hA ■ Flow(2l) — !> R>o U {oo} is additive. 

In the case of endomorphisms of torsion discrete Abelian groups. Theorem 16.51 was proved (for 
ent(— )) in jH]. In order to extend it to the whole Flow(2t), the Algebraic Yuzvinski Formula is 
needed. 

The Addition Theorem for the topological entropy of endomorphisms of compact groups can be 
obtained as a consequence of [21 Theorem 19]; moreover, it was previously proved in the metric case 
in [3S]. 

Given a flow (G, (f>) € Flow(2l), the following are particular cases of the Addition Theorem: 

(1) if (G',0') ^ (G,0) then /i^(,/.) = /i^(0'); 

(2) if < G is 0-invariant, then hA{4>) > hA{4> \k)] 

(3) if iiT < G is 0-invariant, then hA{4>) > hA{(t>), where : G/K G/K is the map induced by 0. 
Note that the stability under isomorphisms in (1) is proved for endomorphisms of LCA groups in 
Proposition 12 . Tf l ) . Moreover, the monotonicity for invariant subgroups in (2) is proved for endomor- 
phisms of LCA groups in Lemma l2.4f 3). provided the subgroup K is open. We have no counterpart 
in the general case of the monotonicity for quotients in (3). 

Problem 6.6. Consider hA ■ Flow(£2t) M>o U {oo}. Is it additive? 

If not, is it possible at least to extend (2) or (3) above to the case when G is an LCA group, 
(j) G End(G) and K is a (p-invariant closed subgroup of G? 

We want to describe now a last instance of the Addition Theorem. Following Bowen [3] , a subgroup 
K of an LCA group G, is said to be uniform discrete if it is discrete and G/K is compact. 

Example 6.7. (a) First, Z is uniform discrete in M. 
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(b) If Ki is uniform discrete in Gi for z = 1, . . . , A^, then K = Ki x . . . x Kn is uniform discrete in 
G = Gi X . . . X Gat (so is uniform discrete in R^). 

(c) Moreover, Z diagonally embedded in M x npgPp<oo^p uniform discrete. 

(d) Finally, Q diagonally embedded in the adele ring Qa is uniform discrete (see [501 Lemma 4.1]). 

A consequence of [3J Theorem 20] is the following 

Fact 6.8. If G is a metrizable LCA group, <j) is an endomorphism of G, and K is a <j)-invariant 
uniform discrete subgroup of G, then 

where 4> : G/K G/K is the endomorphism induced by (j). 

Since hxi—) is trivial on discrete groups, the above fact can be viewed as a particular case of some 
Addition Theorem for /it(— ) on LCA groups. 

As we have described in Section ITBl Fact 16.81 and Example l6.7( d) were used to prove [301 Theorem 
1] , that was a fundamental step in the proof of the Yuzvinski Formula for solenoidal automorphisms 
given in [5D] ; on the other hand, we have given a direct proof of the counterpart of [5D1 Theorem 1] 
for the algebraic entropy, that is Theorem I4.15[ as it is not known whether the counterpart of Fact 
16.81 holds for the algebraic entropy. In this direction, it would be interesting to answer the following 
question, suggested to us by Dikran Dikranjan. 

Problem 6.9. Given (G, </>) £ Flow(£2l) and a uniform discrete (j)-invariant subgroup K of G, is it 
true that h^iip) = hA{4> \k)? 

Since /iyi(— ) trivializes on compact Abelian groups, a positive answer to Problem 16.61 namely, 
additivity of /ia(— ) in the general case of flows of £21, would answer positively to this problem as 
well. 

Our second application is to show how the Algebraic Yuzvinski Formula can be used to compute 
the algebraic entropy of any endomorphism of a torsion-free discrete Abelian group. The first step 
is to extend a given endomorphism to an endomorphism of a rational vector space with the same 
algebraic entropy: 

Lemma 6.10. [H Proposition 2.12] Let G be a torsion-free discrete Abelian group and <f> : G G an 
endomorphism. Denote by D{G) = G(8)zQ the divisible hull of G and by (j)®iidq = (j) ■ D{G) D{G) 
the unique extension of (p to D{G). Then hAi(f>) = ^a(0)- 

Note that the Algebraic Kolmogorov-Sinai Formula stated in the Introduction can be proved using 
Lemma 16.101 and the Algebraic Yuzvinski Formula. 

We just sketch an argument for Lemma 16.101 in order to make this paper self-contained. Indeed, 
D{G) is the direct limit of its 0-invariant subgroups of the form -^G, with n ranging in N. Hence, 
by Lemma 12.91 we have that hA{(t>) is the supremum of the algebraic entropies of the restrictions of 
(j) to each -^G. Furthermore, the groups -^G are all isomorphic to G and the action of (/) on ^G is 
conjugated to the action of 4>. Hence 

hAi4>) = sup (0 \a,g) -neN^ ^ hA{(t>), 

by Lemma ITTTl). 

We remark that Lemma 16.101 is the exact counterpart of [201 Proposition 3.1] that allows the 
computation of the topological entropy of a solenoidal automorphism extending it to an automorphism 
of a full solenoid which has the same topological entropy. 

Let G be a torsion-free discrete Abelian group and let (j) be an endomorphism of G. To compute 
the algebraic entropy of we can suppose G to be a rational vector space in view of Lemma 16.101 
One can realize the group G as the union of a continuous chain of (/)-invariant subspaces 

= Kq C Ki C K2 ^ . . . C = G (6.3) 
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for some ordinal ct; denote by (j)-y the endomorphism of K^^i/ induced by (fi, for all 7 < cr. It is 
shown in [4 that the chain in (j6.3l) can be constructed in such a way that either K-y^i/K-y is finite 
dimensional or it is infinite dimensional and (f>y is conjugated to the right Bernoulli shift /3q described 
in Example 12.101 for all 7 < ct. Additivity and upper continuity of hA{~) allow one to prove by 
transfinite induction that 

7<o' 

where the algebraic entropy of each (p^ is either infinite or it can be computed using the Algebraic 
Yuzvinski Formula. 

In the above discussion we could determine the algebraic entropy of an endomorphism of a torsion- 
free discrete Abelian group G just using additivity, upper continuity and the specific values that 
) takes on the right Bernoulli shifts and on endomorphisms of finite dimensional rational vector 
spaces (given by the Algebraic Yuzvinski Formula). Using more carefully the same arguments as 
above, one can prove the following result from fl|. 

Theorem 6.11 (Uniqueness Theorem). The algebraic entropy Ha ■ Flow(2t) ^> R>o U {00} is the 
unique function such that: 

(1) /i^(— ) is additive; 

(2) /i^(— ) is upper continuous; 

(3) hA{PK) = log |iir| for any finite Abelian group K (where 13k is the right Bernoulli shift defined 
in Example \2.10\) : 

(4) the Algebraic Yuzvinski Formula holds for hA{~)- 

The first three axioms in the Uniqueness Theorem are enough to characterize the algebraic entropy 
in the class of torsion discrete Abelian groups as it was proved in 8, Theorem 6.1]. More precisely, 
other two axioms appeared in the Uniqueness Theorem from [5], that is, invariance under conjugation 
and a logarithmic law; nevertheless, it can be proved that these two axioms are not necessary. 

Moreover, it is worth to note that the Uniqueness Theorem for the algebraic entropy was inspired 
by the Uniqueness Theorem proved by Stojanov 28 for the topological entropy in the class of compact 
(non-necessarily Abelian) groups. 

A third application of the Algebraic Yuzvinski Formula is the following general form of the Bridge 
Theorem, that extends to all endomorphisms of discrete Abelian groups both Weiss Bridge Theorem 
and Peters Bridge Theorem. 

Theorem 6.12 (Bridge Theorem). Let {G,(t)) G Flow(2l). Then hA{(f>) = /it(0)- 

The torsion case of this theorem is covered by Weiss Bridge Theorem. Then additivity and upper 
continuity of /ia(— ), and additivity and "continuity on inverse limits" of /it(— ), are applied to restrict 
to the case of automorphisms of and of its dual . At this stage the Algebraic Yuzvinski Formula 
and the Yuzvinski Formula conclude the proof. 

The problem of whether it is possible to extend the Bridge Theorem to the whole Flow(£2l) is 
open (see also 0): 

Problem 6.13. Does the Bridge Theorem hold for every {G,(j)) G Flow(£2t) ? Classify the flows 
{G,(j)) e Flow(£2l) such that hA{(f) = /it(0)- 

We conclude with a last application of the Algebraic Yuzvinski Formula coming from [B]. 
Consider a fixed LCA group G, a Haar measure ji on G, and an endomorphism : G — ?> G. For 
every G G C(G) we can define a sequence 

Tc : N+ -» R>o such that n i-^ Tc{n) = ^(r„((/), C)). 

In Section [T^ we said that the 0-trajectory of G converges exactly when the sequence { ^°g'^(") ; ^ g 
N} is convergent. Furthermore we saw in Proposition 12 . 71 that it is very useful to know whether the 
(/)-trajectory of G converges for every G G C(G). This occurs when G is compact (the above sequences 
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converge to 0), discrete (see for example [U Corollary 2.2]), G = or G = with N a positive 
integer and p a prime (use Proposition I3.6P . We do not know if this holds in general: 

Problem 6.14. Let {G.cj)) £ Flow(£2t) and C G C{G). Does the (p-trajectory of C converge? 

If this is not true in general, classify the flows {G,(j)) G Flow(£2l) such that the (p-trajectory of G 
converges for every G G C{G). 

Now we restrict to the context of discrete Abelian groups. Following fix a flow (G, (j>) G Flow(2l); 
as usual we consider on G the Haar measure given by the cardinality of subsets. Hence, given 
F G C{G), the sequence defined above becomes 

tf ^ K>o such that n Tpin) = \T„{(j),F)\. 

For every n G N+, Tp{n) < thus the sequence {Tp{n) : n G N+} has at most exponential growth. 
This justifies the following definitions given in [6] : 

- (G, (/)) has exponential growth at F if there exists & G M, & > 1, such that Tp{n) > fe" for every 

n G N+; 

- (G, (/)) has polynomial growth at F if there exists Pf{X) G such that Tp{n) < Pp{n) for every 
n G N+. 

If the growth of (G, (j)) at F is polynomial, then HA{(f>, F) = 0. On the other hand, if the growth 
of (G, 0) at F is exponential, then Ha{4>, F) ^ 0. Nevertheless, for an arbitrary sequence there are a 
lot of possible growths between polynomial and exponential. One of the main results from |S1 states 
that this is not the case for sequences of the form {Tp{n) : n G N+}: 

Theorem 6.15 (Dichotomy Theorem). Let (G,(t)) G Flow(2l) and F G C(G). Then: 

(1) H{4>, F) = if and only if (G, (j)) has polynomial growth at F ; 

(2) -ff (0, F) > if and only if (G, 0) has exponential growth at F. 

In particular, (G, (j)) has either exponential or polynomial growth at F. 

To prove this theorem the following consequence of the Algebraic Yuzvinski Formula is applied in 
[6]. In particular, it is used to find non-zero periodic points of an automorphism of with zero 
algebraic entropy. 

Corollary 6.16. Let N be a positive integer and (f) : — > an automorphism. If hA{4>) = 0, 
then all the eigenvalues of are roots of unity. 

Indeed the Algebraic Yuzvinski Formula implies that the characteristic polynomial Pfj,{X) of such 
(f) over Z is monic and all the roots {Xi : i — 1, . . . ,N] CCof P4,{X) have < 1. Now Kronecker 
Theorem [Tl] implies that all |Ai| = 1. 

For more details about this topic see [S]. We conclude with the following general problem. 
Problem 6.17. Is it possible to extend the results from [6. to the general case o/Flow(£2l)? 
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